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Comparison Study Between the Maximum Likelihood

and Bayesian Estimation for the Beta Inverse Wiebull
Distribution
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ABSTRACT

The inverse Weibull distribution which was presented by
Keller and Kamath () 4AY), this distribution was derived on the basis
of physical considerations of failure of dynamic mechanical
components subject to degradation phenomena. The system fails
especially when the load pressure exceeds the stress resisting
capacity (strength) of the component. A generalization of inverse
Weibull distribution referred to as the Beta Inverse Weibull
distribution (BIW) which is generated from the logit of beta random
variable was introduced by Khan (Y+)+) as a life time distribution to
give more flexibility to the inverse Weibull distribution. The
Bayesian estimators (under the complete linear exponential (LINEX)
and general entropy loss functions) and maximum likelihood
estimator to the unknown parametersa, 3, aandb will be introduced.
Keywords: Beta Inverse Weibull distribution, Bayesian Estimation,
maximum likelihood estimation , (LINEX) loss function, inverted

gamma distribution.
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). INTRODUCTION

As noted by Keller and Kamath (Y2AY) and Calabria and
Pulcini (Y4A4%,4+), the maximum likelihood estimates to the scale
and shape parameters of the inverse Weibull distribution in the
case of complete sampling can be obtained by using the same two
equations derived for the parameters of the Weibull distribution.
Thus the maximum likelihood estimator's scale and shape have
the same statistical properties of the corresponding estimators of
the Weibull distribution.

Erto (Y3A%) showed that the Inverse Weibull distribution
provides a good fit to several data given in literature, such as times to
breakdown of an insulating fluid subject to the action of a constant
tension. Also, Drapella (Y44Y) and Jiang et al. (Y++)) introduced
graphical plotting techniques, Yahgmae et al . (YY) presented a
Beyesian estimation to the scale parameter of inverse Weibull
distributionusing quasi, gamma, and uniform priors distributions
under the square error, entropy, and precautionary loss functions.

In this paper, the focus of our attention is concentrated on the
generalization of the inverse Weibull distribution referred to as the
Beta inverse Weibull distribution which is generated from the logit of
a beta random variable. Generalized beta distributions have been
widely studied in statistics and numerous authors have developed

various classes of these distributions. One major benefit of the class
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of beta generalized distributions is its ability of fitting of skewed data
that cannot be properly fitted by existing distributions.

We will obtain the estimators of the unknown parameters for
BIW distribution using maximum likelihood and Bayesian
estimation methods. The aim of likelihood estimation is to determine
the estimates for the parameters, to define a sequence of roots of the
likelihood equation that is consistent and asymptotically of The
method of maximum likelihood (MLE) estimation is applicable
mainly in situations where the true distribution is known apart from
the values of a finite number of unknown real parameters efficient.

Generalized class of probability distributions discussed by
Eugene et al. (Y +Y). Let G(v)be the cumulative distribution function
(cdf) of a random variable Y . The cdf’s for a generalized class of
distributions for the random variable Y , defined by Eugene et al.
(Y++Y) as the logit of beta random variable, is given as:

F(y) = Igip(a,b)a >0 andb > 0. 0)
Where

B (ab) o ]
IGI::,::I (Elrhj = GBE:\.]':I and Hﬂl:y} [a’hj — Jl'I}G\.Y} _tE. 1[:1 _ .t:]]':l 1 dt. (Y)

The BIW distribution was first introduced by Khan (Y+)+) as a

new reliability model by taking G(v) to be the cdf of the inverse

Weibull distribution.
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Eugene et al. (Y++Y) introduced the Beta normal distribution

by taking G(y) to be the cdf of the normal distribution. The only

properties of the beta normal distribution known are some first
moments derived by Eugene et al. (Y++Y). Cordeiro et al. (Y++A)
proposed the Beta generalized exponential (BGE) distribution which
generalizes the beta exponential distribution discussed by Nadarajah
and Kotz (Y++°2) and the generalized exponential (also named
exponentiated exponential) distribution introduced by Gupta and
Kundu (Y%%%). They provided a comprehensive mathematical
treatment of BGE distribution with the hope that this generalization
might attract wider applications in reliability and biology.

Kersey (Y+)+) analyzed the behavior of the probability
density function by plotting the probability density function for some
fixed values of the parameters and he derived the moments and
moment generating function for this distribution. He also obtained
very useful transformations which showed him the relationships
between beta distribution and inverse beta distribution, Beta
distribution and BIW distribution that provide a way to generate data
from the BIW distribution.

Y. THE BETA INVERSE WEIBULL PROBABILITY DENSITY
FUNCTION
The probability density function (pdf) of the Beta inverse Weibull
(BIW) distribution is given by(Kersey Y+ +) as follows:
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fly) = gf‘_; y B+ gmalan) ™ [1 - e-':cc:.-:-'s]b'lj for
La,

yv=z0,a>=0,>0a=0andb = 0. M

The pdf of the BIW distribution in (¥) also can be found by using this

where X is a random variable that

. o
transformation Y=%

follows a beta distribution with parameters a and b as follows:

[~ log,(x)]

Y =

a F

) o L _gb-1
(A1) y-a(a)F [1 _ (@ 5] ,fory=0,a>0,8>0,

gY(}:rj = E(ﬂ, bj_,
a>0andb = 0.
Figures show the differentshapes of the pdf for selected values of

the parameters of the BIW distribution.

v
—

\.'N‘.\ — alfa=0.5
o Iy ™~- afa=1
- /‘\ ~---- afa=1.5

Probability density function
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Figure \.plot of pdf of the BIW distribution with fixed values B, a, b
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Figure Y.plot of pdf of the BIW distribution with fixed values «, a, b
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Figure Y.plot of pdf of the BIW distribution with fixed values @, B, b
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Figure ¢.plot of pdf of the BIW distribution with fixed values a, o, B

Y. Bayesian Estimation of the Parameters

In this section, the Bayesian estimators of unknown
parameters function in case of the complete sample for BIW
distribution, using non-informative prior distribution based on
squared error, linear exponential (LINEX) and general entropy loss
functions will be obtained.

The likelihood function has had the following form:

L(_E’ “p a,b) _ [Eiib}r:i_-‘;l_[?:l[xi-.:gﬂ}} (E—EE‘:._':E’.T[}-S)E . H?q [1 _ e—(m}-sr—l |

From (¢) and assumed that the unknown four
parametersa, £, aandb have independent non-informative prior
distributions defined ,respectively, as follows:

m,(a) = irx =0, Q)
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m,(B) =58>0, )
my(a) =§a:=-l], (V)
my(b)=-b >0, ")

Then, the joint non-informative prior distribution will be given

as follows:

(e, B,a,b) = aﬁabl‘:ﬂ )

The joint posterior distribution ofa, £, aandbin case of the complete

sample will be defined as follows:

_ mlaf ab)l(x|af.ab) \
[T T wtaB.ao)i(lap.ab)daapdads ()

AEH_:I:ab}_Lc:_':nE+:j '-‘ll-te ,_.l_ 31} nn. [1 eZijb-t

- (M),

WhereA = [ﬁ] = l_[:]:j_[xi__l:ﬁ-l-ﬂ].rzi_ = (m{i.:]_ﬁ and

_”_” ;a'ﬁ:mlﬂ ") ﬂ[l—e °~! dadfdadb .

0"

The marginal posterior distribution of one parameter will

obtained by integrating the joint posterior distribution with respect to
the other parameters as follows:

m(alB.a.b,x) = [If n(a. B0,

T,

x) dBdadb (")

(%)
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m3(ala,fb,x) = [[[] n(a.8.0

x) dadBdb (Vo)

O

Consequently ,the marginal posterior distribution of a will be

( x) =

L [ )

5:1[1_ ]b *dpdadb (V)
Similarly, the marginal posterior distributions of £, aand

b,respectively, will be

1 - (
- — _}9”_1“:— J]] A(fxb:]_ifx_"n'g +1) g BE g
2 M 0
8 [1— e 5]* ! dadadb A,
?IE[EI . ,_):
L [ ageei(s) o8 (¢ T
[I,[1 - e7%]°"  dadpdb (19)

?I4(b|ﬂ,ﬁ,a,§) =

1.- = apn- - —'nE 1) l_ z n _ azilb-
S0 11 A (a) )y (e 2ke5)” € JI2, [1 - 75" dudfda )

\.Bayesian Estimation Under Squared Error Loss Function

Based on squared error loss function , Bayesian estimators

&, B, aand bof a f,aandb, respectively, are given as follows:

& =1 =AY —(np) IRz S
=l u;(e” )H [1— e ]" " dBdadb (Y)),

fﬂﬂﬂbﬁ‘ﬁ
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-

B = 20w [[7 & e P+ oo Iy 11 — ] dadadh (1Y),

. = L I 2 o o040 (e BRe) IR, [1 — o715 dadBdb (1Y),

n

B, =L [If7 2 o) g (" Tinam) I, [1 — &7 ]° " dadBda (7€)

The equations (YY) to (Y ¢) can be solved numerically.

\.Bayesian Estimation Under Linear Exponential Loss Function
Based on LINEX loss function , Bayesian estimators &,, £, d,, b,

and of a, 5, a, b, respectively , are given as follows:

&, =3[ [ e [ny(alB,ab,x)] da] (v)
Bp=— [ [7e  [n,(Bla,a,b,x)] df] (")
a, = —Eln[ _I": e [my(ala, B, b,x)] da] (YY)
and

b, = —%ln[ f: ™ [my(b

a, B, a,z)] db] (YA)

The equations from (Y° ) to (YA ) can be solved numerically.
Y.Bayesian Estimation Under General Entropy Loss Function
Based on general entropy loss function , Bayesian estimators

&,.B,.4, andb,of a,f,aand b, respectively , are given as follows:

B, a,b,g) dcx]_ﬁ (Y9)

= n}
. -q
fxg [..rg. o ']'?.'1[!‘1

ﬁg = [.r: B8, [1‘9 o, a, b,E) df ]_E (*4)
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&, = [ a*ma(ala b,b,x) da] @ ()
and
5, = [ b (bl frax) ab] )

The equations from (Y% ) to (YY) will be solved numerically.

¢ . Maximum Likelihood Estimation of the Parameters

In this section, we will obtain the estimators of the unknown
parameters in case of the complete sample for BIW distribution,
using the maximum likelihood estimation method .

The likelihood function has had the following form:
n gn B n o _gya ., _g1b-1
L(xa,B,0,b) = [o75] F Tlife 08#0] (e7Bmelom™ ) o iy 1 - 7@
("),

to obtain the MLE's of the a,f,a and & we will find the natural

logarithm of the likelihood function in (YY) as follows:
InL=
nln {;} +nlnf-nflna+ I, Inx, #* —a¥2 (ax)?+

Blab)
n -(ex; -F
(b-1) Ty In[t -] -

By taking the first derivative of In L in (Y¢) with respect to «, 8, a and

band equating to zero, then,

- N
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dlnk n -£ g n x'_SE_I:ax[}_S
e ‘|' _.5+ ydi=1 % _mtb o 112*”(?] (72
1—g™ "7
B:J;L - %_ﬂlnrx _;xi T a;(fx x)Fln(ax)—(b—1)=
. - . aﬁ-'l_'g
?zlmx:l['glm?xl}?—;] L (Y“K)
1—g  E ¥

“2t = —nfy(a) —w(a+ b)] - T (ax)™* (")
2oL = —n[w(b) — w(a+b)] + TiyIn[1— e@] (*A)

where y(x) is the digamma function defined as

r' I:r}
(x)’

¥(x) = < [Inr()] =

consequently, the MLE's &, £, aand bof parameters for BIW are the

solutions of the equations (Y°-YA).
The MLE of reliability function ,r(x|a, £, a b) ,

& }9_ ﬂ._ E) r(&) E (—0™ e—(E—Fm}EEI}_E (Y‘q)

R[t ,E’l M=0 r(F—mim! (E+m)

£.Y Asymptotic Variance Covariance Matrix
The asymptotic variance covariance matrix of the parameters

a, B,a and bis the inverted of the fisher information matrix | which is

given as follows:

- N
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Igg Iaf Iga lan

_ |'B= 1ap T8a 1 (£4)
fon *ra,E Iaa fan |
va Ing Tba e

8% InL

E'rl-rj-

where I,; = —E [ ],r = [a,B,a,b] ,i,j =1,2,3,4.

©.Simulation Study

In this section The Bayesian estimators (under the complete
linear exponential (LINEX), general entropy and square loss
functions) and maximum likelihood estimator to the unknown
parameters a,f,a and b will be introduced in the simulation study by
using Mathcad program in the case of complete data. A simulation
study of size Y+ is taken and three sample sizes are taken: n=Y+,

Y+, Y+and . -. The result are displayed in table ()

Table (V)

N parameter | M.L Squared LINEX | General Entropy
Yo |a CYYA [ Y CAY Y EA

b Yol | e Yoo VY vy

0 XYoL YEA Yo e Y4

0 EAE |4 EYA ' Yo Y
Ye |a XY . \o )9 Y

b O | v . ooy VY

0 «XY4 | .Vt « VAA « Y¢o

n N A SN 1 2 « YV « YAo




Opaally U sandl o S eyall ¥ daslay odusdl oLatidl JalS gl 1S 0 Uae

°ov |a VAYE [N Y NERY
b vof0 | v £ « FAN v g0
0 vXeoo | eNan CEY VXY
0 LEYY | Yo SEEX 144
‘er |a CAVY |V Y VAT
b CEVE | oYY X ' Yo
0 VYA | e CrY v
0 XY | eNtA .. oqY v 9A

1. Comments

- The Baysian estimation of Linex loss function better than the
other loss functions

- Sometimes the LINEX gave to us results are closed to MLE

- When the sample size became bigger the result became best

Y. Conclusion

In this paper, the Bayesian estimationand maximum likelihood
estimation to the parameters of Beta Inverse-Weibull distribution was
presented. Bayes estimators are obtained using squared, LINEX and
general entropy, and the maximum likelihood estimation to the same
parameters are obtained, then we make a comparison between both of
them. We expect that the new Beta Inverse-Weibull distribution will

be useful for the practitioners.
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